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Abstract 
This paper presents a model-based probabilistic damage characterisation methodology for beams using guided 
waves. Damage location, length, depth and Young’s modulus of the material are treats as unknown parameters and 
are determined using optimisation approach to maximise the probability density function of the damage scenario 
conditional on the measured guided wave signals. A two-stage optimisation strategy is proposed using simulated 
annealing to first guarantee the solution is close to the global optimum, a standard simplex search method is then 
employed to precisely determine the global optimum. In addition to damage characterisation, the proposed 
methodology is developed based on the Bayesian statistical framework, hence, it allows quantification of the 
uncertainties associated with damage characterisation results. The accuracy and robustness of the proposed 
methodology are investigated through a series of numerical case studies in which the spectral element method is 
employed to model the wave propagation and scattering at the damage.  
© 2011 Published by Elsevier Ltd.  
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1. Introduction 
One-dimensional (1D) waveguides such as rods and beams are essential components for most of the 
engineering structures. The use of guided waves (GWs) to detect damages in this type of structures has 
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been developed for long time. It was proved that GWs are very sensitive to small and different types of 
damage, such as corrosion, crack and delamination (Rose 2002). In the literature, most of the advanced 
GWs based damage detection methodologies, such as beamforming (Giurgiutiu and Bao 2004), time-of-
flight (TOF) based methods (Tua et al. 2004; Ng and Veidt 2009) and diffraction tomography (Rose and 
Wang 2010) have been developed to detect damages in two-dimensional (2D) waveguides. There are not 
too many research works focusing on the development of advanced damage detection algorithm for 1D 
waveguides. TOF approaches are still the most commonly used methods for 1D waveguides. Jiang et al. 
(1999) used the TOF difference between the healthy and damaged condition of a beam to identify the 
damage location. The damage severity is then identified by the power consumption metric defined in the 
frequency domain. The method was verified in numerical and experimental studies. Some recent 
developments of advanced damage detection algorithms for 1D waveguides have been proposed in the 
literature. Krawczuk (2002) used the genetic algorithm to minimise the discrepancy between the 
simulated and measured GW signals to identify a crack in beam structures utilising numerically simulated 
data.  
Different to the damage detection methods developed in the literature, the proposed methodology also 
quantifies the uncertainties associated with the damage detection results. This provides extra information 
for engineers in making decisions on condition based maintenance. The organisation of the paper is as 
follows. The spectral element (SE) method and the damaged model are described in Section 2. The 
proposed probabilistic damage characterisation methodology is then presented in Section 3. In Section 4, 
the performance of the methodology in detecting and characterising a damage in beams is illustrated by a 
series of numerical case studies. Conclusions are presented in Section 5. 
2. Frequency domain spectral element for longitudinal wave propagation in damaged beams 
The SE method transforms the governing partial differential equation to a set of ordinary differential 
equations in frequency domain. The exact solutions of the ordinary differential equations are then 
obtained and used to approximate the solution of the partial different equation. A relatively small number 
of SEs can thus be used to model the structure for solving the wave propagation problem without losing 
the accuracy. Figure 1 shows a schematic diagram of the frequency domain SE method. The time domain 
force excitation ( )tF  is first converted into frequency domain ( )nZF  using the discrete Fourier 
transformation. In this study, the Fast Fourier transform (FFT) is used to achieve the computational 
efficiency. The complex global dynamics stiffness matrix ( )nZK  can then be obtained following the 
conventional finite element (FE) method. It should be noted that the global dynamics stiffness matrix is 
exact and frequency dependent. This makes the FFT based SE method computationally efficient. The 
nodal spectral displacement ( )nZu  is solved at frequency nZ  for n = 1, 2,…, N  (Doyle 1988; Ng and 
Veidt 2009) as 
1( ) ( ) ( )n n nZ Z Z
 u K F  (1) 
It should be noted that Equation (1) is evaluated only up to the Nyquist frequency NZ . Finally, the 
displacement in time domain ( )tu  can be reconstructed using the inverse FFT. The fundamental 
difference between the FFT based SE method and the conventional FE is that the FFT based SE method 
evaluates the spectral displacement at each frequency step instead of each time step or each 
eigenfrequency. 
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Figure 1: Flowchart for the FFT based SE method 
The formulation of the local dynamic stiffness matrix ( )L nZK  for a SE, which consists two nodes 
located at left- and right-hand side of the element and each has one spectral longitudinal degree-of-
freedom (DOF), respectively, is briefly described in this section. The detail of the derivation refers to (Ng 
et al. 2009). In this study, the longitudinal wave is employed for damage characterisation. Assuming the 
solution to be 
1
( , ) ( , ) n
N i t
nn
u x t u x e ZZ 
 ¦  , the governing partial differential equation of the longitudinal 
wave propagation is transformed from time domain to frequency domain at the discrete circular frequency 
component nZ  and the governing equation becomes an ordinary differential equation 
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where /c E U  is the speed of the fundamental longitudinal wave in a material with Young’s 
modulus E  and density U . i  is the imaginary unit. Using the boundary conditions of the nodal spectral 
displacement and force at left- ( (0, )nu Z  , (0, )nF Z ) and right-hand side ( ( , )j nu L Z  ,
( , )j nF L Z ) of the SE, the relation between the nodal spectral forces and displacements can be 
formulated as (Ng and Veidt 2009) 
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The SE method is used to model a semi-infinite beam with a step damage using three SEs and one 
throw-off element as shown in Figure 2. The local dynamic stiffness matrix of the throw-off element is 
( )throwL n n jK ik EAZ  . The step damage is simulated by reducing the cross-sectional area of element 
EL2, 2 ( )A b h d  . The cross-sectional areas of the other elements are jA bh  ( j  = 0, 1 and 3), 
where b  and h  are the width and thickness of the beam, respectively. d  is the depth of the step damage. 
The damage location and length are parameterised by the length of EL1 ( 1L ) and EL2 ( 2L ), respectively. 
Once the global dynamic stiffness matrix ( )nZK  is obtained, the longitudinal displacement in time 
domain can be determined using the algorithm as shown in Figure 1. The model parameter vector ș ,
which contains all model parameters considered in the damage characterisation, is 
1 2{ , , , }
TL L d E ș (4) 
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Figure 2: SE model of a semi-infinite beam with a step damage 
3. Probabilistic damage characterisation methodology 
The proposed methodology employs the Bayesian statistical framework (Beack and Katafygiotis 1998) 
to determine the uncertain model parameters of damage beams. The Bayesian statistical framework wave 
developed for vibration based model updating of structures. This study extends the Bayesian statistical 
framework to GW based damage characterisation. The method not only characterises the damage but also 
quantifies the uncertainties associated with the identified model parameters by calculating the posterior 
(updated) probability density function (PDF). The uncertain parameter vector { , } ( )T SV Į ș Į  is 
updated, where ș  contains the damage location ( 1L ), length ( 2L ), depth ( d ) and Young’s modulus ( E )
as shown in Equation (4). V  is the prediction error of the GW signals and ( )S Į  is a set of possible 
parameter values for Į .
Using Bayes’ theorem, the posterior PDF of the uncertain parameter vector Į , conditional on a given 
set of measured GW signal D  and the class of the damaged beam model M , can be expressed as 
   | , ( | , ) |P D M P D M P MW Į Į Į  (5) 
where ( | ) ( )P M S Į Į  is the prior (initial) PDF of Į  which allows the inclusion of engineering 
judgment about the plausibility of the values of Į . ( | )P D MW   is a normalisation term which ensure 
the left-hand side of Equation (5) is equal to unity. The objective here is to maximise the ( | , )P D MĮ
in Equation (5). ( | , )P D MĮ  is the contribution of the measured GW signals and is given by (Beck and 
Katafygiotis 1998) 
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where tN  and oN  are the number of measured time steps and the number of measurement points, 
respectively. ( )mu t  is the measured longitudinal displacement at the t -th time step, and ( ; )u t ș  is the 
calculated longitudinal displacement based on the model class M  for a model parameter vector ș
containing all uncertain model parameters.   denotes the standard Euclidean norm of the second kind. 
The objective is to calculate the posterior PDF of the model parameters contained in the vector ș  which 
can be obtained based on Equation (5) as 
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As the measured longitudinal wave signal usually contain a large number of data points for each 
observed DOF, Equation (7) can be evaluated using asymptotic approximation (Papadimitriou et al. 1997) 
      1 ˆ| , ,JNP D M JW S V ș ș ș ș  (8) 
where 1W  is a normalising constant and ( 1) / 2J t oN N N  . ( )J ș  quantifies the correlation between 
the measured and simulated longitudinal wave signas, and is defined as 
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Optimal parameter values mean the model parameter vector ș  at which ( )J ș  reaches its global 
minimum. However, as ( )J ș  is a highly nonlinear function of the model parameter vector ș , multiple 
optimal parameter values may exist in the region of ( )S Į . A two-stage optimisation approach (Ng and 
Veidt 2009) is employed to determine the global optimal solution. Simulated annealing is first employed 
to identify a solution that is close to the global optimum. A simplex search method is then employed to 
accurately determine the global optimal solution.  
The posterior PDF of the model parameter vector ș  for the given D  and M  can be approximated by 
weighted sum of Gaussian distributions centred at Q  optimal points (Beck and Katafygiotis 1998) 
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where ( , )Hb 4  denotes a multivariate Gaussian distribution with mean H  and covariance matrix 4 .
1 ( )ˆ( )qH ș  is the inverse of the Hessian matrix of the function ( ) ln ( )Jg N J ș ș  evaluated at the 
optimal values ( )ˆ qș  for q = 1,…, Q . The weighting coefficients qw  are defined as 
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The continuous integration for the posterior PDF in Equation (7) is then approximated by the weight 
sum of Gaussian distributions centred at the Q  optimal points. 
4. Numerical case studies 
Aluminium beams with L  = 2 m, b  = 12 mm, h  = 6 mm, E  = 72 GPa and U  = 2750 kg/m3 is used 
as a test system to verify the proposed methodology. The model parameter vector ș  to be determined is 
shown in Equation (4) in which the E  is also included as there exists some uncertainties related to the 
Young’s modulus of the material. The uncertainty is assumed to be r 5% of the actual value. A beam 
with a step damage is modelled using three SEs and one throw-off element, as explained in Section 3 and 
shown in Figure 2. The fundamental longitudinal wave is excited by applying an axial force to the left end 
of the beam. The excitation consists of a 100 kHz narrow-band 6-cycle sinusoidal tone burst modulated 
by a Hanning window. It is assumed that the measured signals are obtained from a measurement point 
located at the centre of the beam and the signals are measured until the incident pulse reflected from the 
C.T. NG et al. / Procedia Engineering 14 (2011) 490–497 495
free end of the beam arrives at the measurement location. Seven cases are considered in the numerical 
case studies. It is assumed that all cases have the same damage location 1L  = 1400 mm and 5% 
measurement noise. Table 1 shows a summary of all cases considered in the numerical case studies. 
Table 1: Summary of all numerical cases 
Situation Case L1 (mm) L2 (mm) d  (mm)
Standard case A 1400 30 1 
Different 2L
B1 1400 40 1 
B2 1400 20 1 
B3 1400 8 1 
Different d
C1 1400 30 2 
C2 1400 30 1.5 
C3 1400 30 0.5 
Table 2: Damage characterisation results and corresponding COVs for all cases 
Case L1 (mm) (COV) L2 (mm) (COV) d (mm) (COV) E (GPa) (COV) 
A 1399.99 (0.0086%) 29.80 (0.5372%) 1.04 (2.7254%) 72.00 (0.0015%) 
B1 1400.02 (0.0083%) 39.84 (0.5196%) 0.97 (1.1768%) 72.00 (0.0015%) 
B2 1399.99 (0.0096%) 20.18 (1.0936%) 0.98 (2.8457%) 72.00 (0.0016%) 
B3 1400.15 (0.0158%) 7.55 (5.7202%) 1.03 (3.5252%) 72.00 (0.0020%) 
C1 1399.97 (0.0036%) 29.94 (0.2126%) 2.02 (0.8717%) 72.00 (0.0017%) 
C2 1399.98 (0.0053%) 29.90 (0.3241%) 1.53 (1.4939%) 72.00 (0.0016%) 
C3 1400.01 (0.0177%) 29.54 (1.0750%) 0.56 (6.2842%) 72.00 (0.0015%) 
Case A considers a damage located at 1400 mm from left end of the beam with damage length and 
depth are 30 mm and 1 mm, respectively. The proposed methodology is employed to characterise the 
damage. The damage characterisation results are shown in Table 2. The identified damage results are very 
close to the actual value. In addition to the damage characterisation, the proposed methodology also 
quantifies the uncertainties associated with the identified model parameters by calculating the posterior 
PDF. Figure 3 shows a contour plot of the normalised marginal PDF of the identified damage length and 
depth. The increment of each contour line is 0.1. A non-informative prior distribution is used in the 
Bayesian statistical framework to calculate the posterior PDF in all cases, which means that no prior 
information is assumed and the results depend only on the measured longitudinal wave signals. It shows 
that the true value is approximately at the centre of the calculated normalised marginal PDF. The PDF 
value drops very sharply, even for small deviations from the optimal damage length and depth, which 
indicates the high confidence level that can be ascribed to the predicted damage characterisation results. 
For easier comparison of the uncertainties of different damage characterisation results, the marginal 
cumulative distribution functions (CDFs) of the identified model parameters are also calculated. The solid 
curves in Figure 4a show the marginal CDF of the identified damage length and depth in Case A. The 
slope of the curve is a measure of the uncertainty associated with the identified value, where a steeper 
curve means less uncertainty. Another convenient way to quantify the uncertainty is to calculate the 
coefficient of variation (COV), which is a normalised measure of the dispersion of a probability 
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distribution about its mean value. The values in the bracket of Table 2 show the COV of the identified 
results.  
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Figure 3: Contour plot of normalised marginal PDF of the identified damage length (L2) and depth (d) in Case A 
Cases B1-B3 investigate the influence of the damage length on damage characterisation results. These 
cases are identical to Case A except for the damage length. The results of the damage characterisation are 
summarised in Table 2. All identified model parameters are close to the actual values, even in Case B3, 
which has a small damage length (8 mm). Figure 4a shows the detailed information and comparison of 
the uncertainty associated with the identified damage length for Cases A and B1 to B3. The slopes of the 
curves decrease with smaller damage lengths. The decrease in slop and hence increase in prediction 
uncertainty is most dramatic for the small damage length considered in Case B3. 
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Figure 4: Marginal CDF of the normalised identified a) damage length in Case B1-B3 and b) depth in Case C1-C3 
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Cases C1-C3 consider the effect of different damage depths. Similarly, these cases are identical to Case 
A except for the damage depth. The damage characterisation results and corresponding COV values are 
again summarised in Table 2. The results show that the proposed methodology accurately identifies the 
damage depth of each case. The marginal CDF of the identified damage depth of Cases A, C1 to C3 are 
shown in Figure 4b. Shallow damage results in reduced amplitudes of the scattered waves and a decrease 
in signal-to-nose ratio. Thus, the indication of damage in the measured time domain longitudinal wave 
signal is less pronounced, which leads to larger associated uncertainties in the damage characterisation 
results. 
5. Conclusions 
This paper presents a probabilistic damage characterisation approach for beam structures using the 
fundamental longitudinal wave. An important advantage of the proposed methodology over existing 
methods is the Bayesian statistical framework is adopted to calculate the posterior PDF of the damage 
characterisation results. Hence, the uncertainties associated with the damage characterisation results are 
quantified to provide extra information for engineers in making decisions on necessary remedial work. A 
series of numerical case studies is used to verify the proposed methodology. The results show that the 
proposed methodology is able to characterise a step damage in beams and quantify the uncertainties 
associated with the damage characterisation results. The robustness of the methodology is also 
demonstrated by considering a number of cases with different damage lengths and depths. 
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